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ISOMORPHISMS OF TWISTED HILBERT LOOP ALGEBRAS 


TIMOTHEE MARQUIS* * AND KARL-HERMANN NEERt 


Abstract. The closest infinite dimensional relatives of compact Lie algebras are Hilbert—Lie alge¬ 
bras, i.e. real Hilbert spaces with a Lie algebra structure for which the scalar product is invariant. 
Locally affine Lie algebras (LALAs) correspond to double extensions of (twisted) loop algebras over 
simple Hilbert—Lie algebras I, also called affinisations of {. They possess a root space decomposition 
whose corresponding root system is a locally affine root system of one of the 7 families 
C^j '^, and BC^j^ for some infinite set J. To each of these types corresponds a 

“minimal” affinisation of some simple Hilbert—Lie algebra {, which we call standard. 

In this paper, we give for each affinisation g of a simple Hilbert—Lie algebra { an explicit isomor¬ 
phism from g to one of the standard affinisations of f. The existence of such an isomorphism could 
also be derived from the classification of locally affine root systems, but for representation theoretic 
purposes it is crucial to obtain it explicitely as a deformation between two twists which is compatible 
with the root decompositions. We illustrate this by applying our isomorphism theorem to the study 
of positive energy highest weight representations of g. 

In subsequent work, the present paper will be used to obtain a complete classification of the 
positive energy highest weight representations of affinisations of t. 


1. Introduction 

Locally affine Lie algebras (LALAs) are natural generalisations of both affine Kac-Moody algebras 
and split locally finite Lie algebras. They were first introduced in [MY06| as a subclass of the so-called 
locally extended affine Lie algebras (LEALAs), and were later classified up to isomorphism in [MY15| 
(see also [NeelOj l. The LALAs roughly correspond to double extensions of (twisted) loop algebras over 
locally finite simple split Lie algebras (algebraic point of view), or equivalently, over simple Hilbert-Lie 
algebras t (analytic point of view) - in the latter case, we call such a LALA an affinisation of t. The 
LALAs possess a root space decomposition with respect to some maximal abelian subalgebra, whose 
corresponding root system is a so-called locally affine root system (LARS). The LARS were classified 
in [Yosl0| . and those of infinite rank fall into 7 distinct families of isomorphism classes, parametrised 
by the types Bj'\ Cj^\ B>^j \ and BCP for some infinite set J. To each of these types 

corresponds a “minimal” affinisation of some simple Hilbert-Lie algebra t, which we call standard. 

In this paper, we give for each affinisation g of a simple Hilbert-Lie algebra t an explicit isomorphism 
from g to one of the standard affinisations of f. The existence of such an isomorphism can also be 
derived from the classification of locally affine root systems, but for representation theoretic purposes 
it is crucial to obtain it in an explicit form. We illustrate this by applying our isomorphism theorem 
to the study of positive energy highest weight representations of g, building on previous results from 
[Nee 10] on unitary highest weight representations of LALAs. 

Note that our results do not rely on the classification of LALAs from |MY15| or of LARS from 
[YoslOj . 

We now present the main results of this paper in more detail, refering to Sections [2] and El below for 
a more thorough account of the concepts presented. A Hilbert-Lie algebra t is a real Lie algebra as well 
as a real Hilbert space, whose scalar product (•,•) is invariant under the adjoint action, that is, such 
that ([a:, y],z) = (x, [y, z\) for all x,y,z € I. By a theorem of Schue l [Sch61| l. any infinite-dimensional 
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simple Hilbert-Lie algebra is isomorphic to the space ? := U 2 (’Hik) of skew-symmetric Hilbert-Schmidt 
operators on some Hilbert space 'Hk over K S {R,C,IHI}. Any maximal abelian subalgebra t of 4 (a 
Cartan subalgebra of {) yields a root space decomposition 

ec = tc © 

of the complexification of whose corresponding set of roots A = A(fi, t) © is an irreducible locally 
finite root system of infinite rank, hence of one of the types Aj, Bj, Cj or Dj (see [NSOl] and |LN04| b 
More precisely, if K = C or K = H, then 6 possesses only one conjugacy class of Cartan subalgebras 
and A = Aj or A = Cj, respectively. If K = R, then t possesses two conjugacy classes of Cartan 
subalgebras, yielding the root systems A = Bj and A = Dj. 

Given an automorphism tf S Aut(£) of finite order A G N, there is a Cartan subalgebra t of £ such 
that is maximal abelian in = {cc G £ | (f{x) = x}. In particular, £c possesses a (/^-invariant root 
space decomposition 

with respect to Iq := 1“^, with corresponding root system A^ = A(£,to) C *fo- 
The (f-twisted loop algehr^ on £ is defined as 

£^(£) = {^G C°°(R,£) I C(i + 2^)=v5”^(^(t))VtGR}. 

The scalar product (•,•) on £ can be extended to a non-degenerate invariant symmetric bilinear form 
on £<^(£) by setting 

{£.{t),r]{t)) dt. 

We denote by (•, •) the hermitian extension of this scalar product to the complexification of 

Let dero(£(, 5 (£), (•, •)) denote the space of skew-symmetric derivations D of /1(^(£) that are diagonal, 
in the sense that D preserves each space 0 £g for n gZ and a G A,^. Let Dq G dero(£<^(£), (•, •)) 

be defined by Do{^) := Given a weight u G tig, we also define the derivation D„ of £c by setting 

D,j{x) = iv{a^)x for all x G £c, a G A,^, 

where a** G iig is such that {h,a^) = a{h) for all h G to- Then D^, restricts to a skew-symmetric 
derivation of £, which we extend to a diagonal derivation of £,^(£) by setting Dv{^){t) := Du[i{t)) for 
all ^ G £,^(£) and t G K. Note that dero(£,^(£), (•, •)) is spanned by Dq and all such D^, (see [MYI51 
Theorem 7.2 and Lemma 8.6]). We set 

Df := Dq Di, G dero(£,p(£), (•, •)). 

Then D^, defines a 2-cocycle u}D„{x,y) = {D,jX,y) on and extends to a derivation D,j{z,x) := 

{Q,D„x) of the corresponding central extension ^(^>(4)- The double extension 

£;;(£) :=(R®^^^ £^(£)) xg^R 

is called the (y-slanted and ip-twisted) affinisation of the Hilbert-Lie algebra (£,(•,•)). If u = 0, we 
also simply write £,^(£) = £((,(£). The Lie bracket on £((,(£) is given by 

[{zi,Xi,ti),{z2,X2,t2)] = (W_D,^(X1,X2), [Xi,X2] + tiD,,X2 -t2D,,Xi,0). 

The subalgebra tg := R® tg © R is maximal abelian in £(^(£) and yields a root space decomposition of 
with corresponding set of roots A^ = A(£(^(£), tg) C i(tg)*. One can realise A,^ as a subset of 
(A,^ U {0}) X Z, where to (a,n) G A,^ corresponds the root space with 

:= {x G £g I ^-^(x) = 

^In the literature, the i^-twisted loop algebra is also defined as a space of 27r-periodic smooth maps, instead of 27rA^- 
periodic smooth maps as in our definition. The reparametrisation needed to pass from one definition to the other is 
detailed in Remark 14.31 below. 









ISOMORPHISMS OF TWISTED HILBERT LOOP ALGEBRAS 


3 


The set (A^)c := A^n(A^ x Z) of compact roots of A,^ is then a LARS, hence isomorphic to one of the 
root systems or Yp\ for X £ {A, B, C, D} and Y £ {B, C, BC}. The root systems of type XP 
can be realised as A(£^( 6 ), tg)c with ij; = id and fi such that A( 6 , t) = Xj. The three root systems of 
type Yj ' can be realised as A(£^(t),tg)c for some order 2 automorphism ^ of 4 and some suitable ?. 
The corresponding three automorphisms ijj are described in [Neel4[ §2.2] (see also Section IH]) and are 
called standard. The above seven Lie algebras are also called standard. 

Here is the announced isomorphism theorem. 

Theorem A. Let i be a simple Hilbert-Lie algebra and let ip £ Aut(t) be of finite order N G N. Then 
there exist 

• an automorphism ip £ Aut(t) which is either the identity or standard, 

• a smooth one-parameter group {4>t)tes. of automorphisms of t commuting with ip such that 

if = (flip, 

• a maximal abelian subalgebra i of i such that =: tg and such that ig is maximal abelian 

in both and , 

• and a linear functional /i £ itg, 

such that, for any v £ itg, the following assertions hold: 

(i) The map 

$: £;(«) ^£f ^(«) : ^ 

is an isomorphism of Lie algebras fixing the Cartan subalgebra i(j := R 0 ig 0 R pointwise. 

(ii) $ induces an isomorphism of locally affine root systems given by 

tt: A(£:;(fi),ig), ^ A(£(;+^(«),tg), : (a,n) ^ (a,N^ • (f - /r(a»))), 

where N.,j, £ {1,2} is the order of ip. 

(iii) The Weyl groups of Clfit) and with respect to tg coincide. 

For each given pair (4, ip), the parameters ip, {(pt)tGWi^ f a-nd p, whose existence is asserted in Theo¬ 
rem El are described explicitely in Section [S] below. The proof of Theorem El can be found at the end 
of Section El 

Along the proof, we obtain an explicit description of the structure of finite order antiunitary oper¬ 
ators on complex Hilbert spaces which may be of independent interest (see Proposition 15.II belowl. 

We next state an application of our results to positive energy highest weight representations of 
Qi, := £!^(f). Let A £ i(tg)* be an integral weight of in the sense that A takes integral values 

on all coroots (a,n)^, {a,n) £ (A,^)c (cf. 112.21 belowl. Assume moreover that A(c) ^ 0, where 
c := {i, 0,0) £ rtg. It then follows from [Nee 101 Theorem 4.10] that g^, admits an integrable (irreducible) 
highest-weight representation 

P\ = P\- Si' -t End(£y(A)) 

with highest weight A and highest weight vector vx £ £j/(A). In fact, p\ is even unitary with respect 
to some inner product on £y(A) which is uniquely determined up to a positive factor (see [NeelOi 
Theorem 4.11]). 

Let u' £ itg, and extend the derivation D^,! = Dq-\-D„i of £ 93 ( 6 ) ^ S^ to a skew-symmetric derivation 
of gi, by requiring that £>j,'(tg) = (Oj. Then px can be extended to a representation 

px = Px'' ■ Si/ R£’i/' -t End(£i,(A)) 

of the semi-direct product x RHi,/ such that Pa(£*i/') annihilates the highest weight vector vx. The 
representation 'px is said to be of positive energy if the spectrum of := —ipx{D,^i) is bounded from 
below. If this is the case, the infimum of the spectrum of is called the minimal energy level of fix- 
In the following theorem, we identify Hg with the subspace {p £ z(i3)* | p{c) = p{<i) = 0} of i(tg)*, 
where d := ( 0 , 0 , —i) £ Hg. 
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Theorem B. Let be as above, and let X € *(tQ)* be an integral weight with A(c) ^ 0. Let 

gL S itp and ^ G Aut({) of order G {1,2} he the parameters provided by Theorem\^ and denote by 
C GL(i(tg)*) and C i(tg)* the Weyl group and root system of the standard affinisation £i/,(£) 
oft. Then for any v, v' G it^, the following assertions are equivalent: 

(i) The highest weight representation p\: Cf(t) xi —>■ End(Li,(A)) is of positive energy. 

(ii) := inf x(W^-A^+i, - A^+,.) > -oo, where 

A^+j, := A - A(c)(/x + u) e i(to)* and x: Z[A^]->• R : (a, n) i-A (/4 + u')(a*) + n/7V^. 
Moreover, if > —oo, then is the minimal energy level ofp\. 

The proof of TheoremlBlcan be found at the end of Section[7l Note that the “standard” Weyl groups 
Wp were given an explicit description in [HN121 §3.4], making the computation of in the above 

theorem tractable. Using Theorem m we will give in [MN15b| a characterisation of all pairs (u, i/') 
yielding a positive energy representation p^’'^ as above, analoguous to the characterisation obtained 
in [MN15a| for positive energy highest weight representations of locally finite split simple Lie algebras. 

2. Hilbert-Lie algebras 

The general reference for this section is [Neel41 Section 1]. 

2.1. Hilbert—Lie algebras. A Hilbert-Lie algebra t is a real Lie algebra endowed with the structure 
of a real Hilbert space such that the scalar product (•, •) is invariant under the adjoint action, that is, 

{[x,y],z) = (x, [y,z]) for all x,y,zG t. 

By a theorem of Schue l [Sch61| L every simple infinite-dimensional Hilbert-Lie algebra is isomorphic 
to 

U 2 (H) ■.= {xGB 2 {n) I X* =-x} 

for some infinite-dimensional Hilbert space TL over K G (R., C,IHI}, with scalar product given by 

(x,y) = trR(xy*) = -trR(xy). 

Here gblH) = B 2 {'H) denotes the space of Hilbert-Schmidt operators on TL. Note that if IK = C, the 
complex conjugation on 3 ( 2 (H) is given by cr(x) = —x*, and hence q{ 2 (TL) can be identified with the 
complexification 6 c of 4 := U 2 ('H). 

2.2. Root decomposition. Let g be a real Lie algebra and let gc be its complexification, with complex 
conjugation a fixing g pointwise. Write x* := —cr(x) for x G gc, so that g = {x G gc | x* = —x}. Let 
t C g be a maximal abelian subalgebra (a Cartan subalgebra) with complexification tc C gc. For a 
linear functional a G tj, let 

gg := (x G gc I [h, x] = a{h)x V/i G icj 
denote the corresponding root space. Let also 

A := A(g, t) := (a G tc \ {0} | g^j 

be the root system of g with respect to t. Then g^ = tc and [gg, Scl ^ flc^^ for all a, /3 G A U (Oj. 

Assume that g is the Lie algebra of a group G with an exponential function. Then t is called elliptic 
if the subgroup e^‘^^ = Ad(expt) C Aut(g) is equicontinuous. This implies in particular that 

a G it* = 1/3 G tj I /3(t) C iRj for all a G A, 

and hence that 

cr(gc) = gc“ for all a G A. 

A root a G A is called compact if gg = Cx^ is one-dimensional and a([xa,x*]) > 0, so that 

spanc{xa,x*, [xq,,x*]} n g = SU 2 (C). 
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We denote by Ac the set of compact roots. If a G Ac, there is a unique element d £ ic H 

with a{a) = 2, called the coroot of a. Note that a G it. The Weyl group W = >V(g,t) of (g,t) is the 

subgroup of GL(t) generated by the reflections 

r„(a;) := x — oi{x)a for a G Ac. 


2.3. Locally finite root systems. Let 'Hk be some infinite-dimensional Hilbert space over K G 
{R, C, H}, and let t = U 2 ('Hk) be the corresponding simple Hilbert-Lie algebra, with invariant scalar 
product (•,•). Let t C t be a maximal abelian subalgebra. It then follows from [SchBlj that t is elliptic 
and that tc C tc defines a root space decomposition 

€c = tc © 

which is a Hilbert space direct sum with respect to the hermitian extension, again denoted (•,•), of 
the scalar product to tc- Moreover, all roots in A = A(t,i) C it* are compact. In addition, there is 
an orthonormal basis B = {Ej | j G J} C it of tc = i'^{J,C) consisting of diagonal operators with 
respect to some orthonormal basis {ej | j G J'} of Hk (or of bloc-diagonal operators with 2x2 blocs 
if K = K), such that B contains all coroots d (a G A) in its Z-span, such that A is contained in the 
Z-span of the linearly independent system {cj | j G J} C it* defined by Cj{E}~) = Sjk, and such that 
A is one of the following four infinite irreducible locally finite root systems of type Aj, Bj, Cj or Dj: 

Aj := {cj Cfc I J, G T, J 7^ , 

Bj := {±ej, ±ej ±€k \ j,k G J, j ^ k}, 

Cj •.= {±2ej, ±ej ± efc | j, fc G J, j ^ fc}, 

Dj := {±ej ± efc | j, fc G J, j ^ k}. 

If K = C or K = H, then t possesses only one conjugacy class of Cartan subalgebras and A = Aj 
or A = Cj, respectively (see [Neel41 Examples 1.10 and 1-12]). If K = R, then { possesses two 
conjugacy classes of Cartan subalgebras, yielding the root systems A = Bj and A = Dj (see [Neel41 
Example 1.13]). The above root data for t will be described in more detail in Section [6] below. 

Set 

t ^ XjEj I Xj G iRj C u('H!^), 


■Hk := spanK{ej | j G J'} 

is a pre-Hilbert-space with completion Hk- Note that any element of i is determined by its restriction 
to we will also view t as a subset of t. The reason for this unusual convention is that we wish 
to define an inverse map for the injection of i in its dual t* that is defined on the whole of i*. More 
precisely, the assignment ej i—> Ej, j G J, defines an R-linear map j] : it* ^ it : fi such that 

:= = /r(a*) for all p G it* and a G A, 

where we have extended the scalar product (•, •) on it x it to it x it. For each a, (3 G A, we set 

(a,/3) := (a*,/3*). 


Then 

a = , ^ ' Q** for all a G A. 
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2.4. Automorphism groups. Let fi = U 2 ('Hk) for some infinite-dimensional Hilbert space Hk over 
K G {K., By [Neel4[ Theorem 1.15], every automorphism of t is of the form 

= TTA'. £— AxA~^, 

for some unitary (for K = R, C,IHI) or antiunitary (for K = C) operator A on Hk- In particular, every 
automorphism of t is isometricQ. We recall that an operator A on He is called antiunitary if it is 
antilinear and satishes 

{Ax, Ay) = (x, y) for all x, y G He- 
3. AfFINISATIONS of HiLBERT-LiE ALGEBRAS 

In this section, we let (t, (•, •)) be a simple Hilbert-Lie algebra and y? be an automorphism of £ of 
finite order A G N, and we set C := G C. The general reference for this section is [Neel4[ 

Section 2]. 

3.1. Finite order automorphisms. Let to be a maximal abelian subalgebra of 

= {x G £ I (p{x) = x}. 

Then the centraliser in £ of to is a maximal abelian subalgebra t of £ by [Neel41 Lemma D.2]. Thus 
to = t^ = tn£''’. 

Since (^(t) = t, it follows from ii2.3l that the Lie algebra £c decomposes as an orthogonal direct sum 
of yj-invariant t'^-weight spaces for /3 G i{i^)*. Let 

:= A(£, t^) := G i{e)* \ {0} | £^ ^ {0}} 
denote the set of nonzero t'^-weight in £, and for each n G Z and (3 G A,^ U {0}, set 

:= £^ n £c where £(( := {x G £c | ip~^{x) = 

Thus 

Af-l 

W 

n—0 

Moreover, dimt^^’"^ < 1 for all P G A,^ and n G Z by |Neel41 Appendix D]. For each n G "L, we 
let An C z(t‘^)* denote the set of nonzero t^-weights in that is, the set of /3 G A,^ such that 
dimtff’"'^ = 1. Note that A,^ = Ao = A(£, t) if = id. 

As (£g,£p) = {0} for all a,/3 G A^ U {0} with a ^ P, and as (£c ,£c) = {0} if m -I- n ^ NZ, the 

restriction of (•, •) to is non-degenerate. In particular, the map (]: H* —>■ it from >i2.3l factors 

through a map 

t): —>■ iVf^ C A : /r I—>■ p.** 

making the diagram 

a* —^ it 


i(t'^)* —^ 

commute. In other words, if y G i{t‘^)*, then is the unique element of it"^ satisfying h) = fj,{h) 
for all h G it"^. As before, we set 

(a, P) := (a*, /3**) for all a,P G A,p. 

For X G £c^’"^ {P G A^, n G Z), we have [x,x*] G £c’°^ = Ic’ ^ ^ 

{h, [x, X*]) = {[h, x], x) = P{h){x, x) = {h, (x, x)/3“*) 

^In the classification theorem |Neel4l Theorem 1.15], the automorphisms if of 1 are assumed to be isometric: this is 
used to show that if (f{xct) = for Xa. € and a homomorphism x‘- (^)grp —>• then im(x) Q T. But this 

also follows from the fact that (p preserves the real form 1 of 
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and hence 

[x, a;*] = {x, x)j5^. 

In particular, choosing x G such that {x,x) = we may define as before the coroot of (3 as 

3.2. Loop algebras. Consider the ip-twisted loop algebra 

£^(e) = I ^{t + 2n) = ip-\m)\/teR], 

with Lie bracket [^,i7](t) = [^{t),ri{t)]. li ip = id, we simply write £({) := £id(I) for the corresponding 
untwisted loop algebra. We extend the scalar product (•, •) on I to a non-degenerate invariant symmetric 
bilinear form on Cip{t) by setting 

— dt. 

We again denote by (•, •) the unique hermitian extension of this form to C,p{t)c, and we write 

for the corresponding complex conjugation on C^p(t)c■ 

Given n € Z and t € R, we set 

e„(t) := 

so that Cn® X & (^“(IR, I) for all x Note then that for any x € Ic, 

C ■“ Cn ® X G ^(p{i)c r X G 

because ^{t -G 27r) = = ^n{t) d ip~^{x). 

3.3. Derivations. Let der(£,^(t), (•, •)) denote the space of derivations D of C^{i) that are skew- 
symmetric with respect to (•,•), that is, such that {D^,ri) = —{^,Dr]) for all ^,ri G £<^(1). Let 
Dq G der(£,^(t), (•,•)) be defined by 

DoiO = C for alU € £^(«). 

Given /r G we also define the derivation of tc by setting 

D^{x) = ipL{a^)x for all x G a G A^p. 

Since p{a^) G R for all a G A^, restricts to a skew-symmetric derivation of £. Note that 
commutes with tp since it stabilises each for j3 G A,^, n G Z. Hence it extends to a skew- 

symmetric derivation of (I) by setting 

Dfi{i){t) ■■= Dp{^{t)) for all ^ G £<,^(1) and t G R. 

Finally, we set := Dq -G D^, G der(£,p(J), (•, •)), so that 

(3.1) Dp{en®x) =i{§-G pia^)){en®x) 

for all a G A^, and x G 
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3.4. Double extensions. We define on C^p{l) the 2-cocycle 

^D^{x,y) = {Df,x,y) for all x,y € £<p(t). 

Let R be the corresponding central extension, with Lie bracket 

[{zi,xi), (^2,2:2)] = {uJD^ixi,X 2 ), [2^1,a;2]). 

Extend to a derivation of R by 

Dfj,{z,x) := {0,D^x). 

Let 

:=(R®.,^ £^(t))x5^R 

denote the corresponding double extension, with Lie bracket 

[(2:i,xi,ti), (z2,2;2,t2)] = (w£)^(a;i,a:2), [2:i,a::2] +tiDfj,X2 -t2D^xi,0). 

The Lie algebra g is called the [y-slanted and ip-twisted) ajfinisation of the Hilbert-Lie algebra (t, (•, •)). 
lip = id{ (resp. p = 0), we also simply write C^{1) (resp. C^p{t)) instead of £^(5). Note that in terms 
of the hermitian extension of (•, •) to the Lie bracket on gc is given by 

[(zi,a;i,ti), (22,22,^2)] = {{D^xi,-x* 2), [xi,X2] + tiD^X2 - t2£>^2i,0). 

One can endow g with the non-degenerate invariant symmetric bilinear form k : g x g —>■ R defined by 

K((2;i,a:i,ti), ( 22 , 22 ,^ 2 )) = (2i,2;2) + zit2 + Z2ti, 
thus turning g into a quadratic Lie algebra. Moreover, the subalgebra 


:= R © © R 

is maximal abelian and elliptic in g. The root system Ag := A(g,tg) can be identified with the set 

Ag = {(a, n) I n G Z, a G A„ U {0}} \ {(0,0)}, 

where 

(a, n){z, h,t) := (0, a, n)(z, h,t) := a{h) + -|- /r(a**)). 

For (a,n) G Ag, the corresponding root space is 


1) 


{oL,n) ^ 

0c — ® 

The root (a, n) is compact if and only if a 7^ 0. Hence 

A^-l 

(Ag)c = IJ A„ X (n -b NZ) C {0} x x R. 

n—0 

Given n G Z and x G with [x, a;*] = d (a G A„), we deduce from en) that 

{D^,ien © 2), -(e_„ © a;*)*) = (i(^ + /a(a“‘))e„ © x, -e„ 0 x) = -i(§- + p(a^))(x,x}. 
Since (x,x} = 2/(a,a), the element e„ 0 x € thus satisfies 

'-2i(f +p(a*)) 


[e„ © X, (e„ 0 a:)*] = [e„ © x, e_„ © a;*] = 


As (a, n) has value 2 on this element, we deduce that the coroot associated to (a, n) is 


(3.2) 


(a,n)^ = (- 


(a, a) 


{a, a) 

ISSC 

,<2,0^ 


,d,0^. 




ISOMORPHISMS OF TWISTED HILBERT LOOP ALGEBRAS 


9 


3.5. Locally affine root systems. We define on spanQ(Ag)c the positive semidefinite bilinear form 
(t) by 

((a, m), (/3, n)) := (a, /3) for all to, n G Z, a G and (3 G A„. 

Then the triple (spanQ(A0)c, (Ag)^ (•, •)) is an irreducible reduced locally affine root system in the 
sense of [NeelOi Definition 2.4] (see also |YoslO] '). 

Such root systems have been classified (see |Yosl01 Corollary 13]) and those of infinite rank fall 
into 7 distinct families of isomorphism classes, parametrised by the types \ B^j\ 

and BCP for some infinite set J. Denoting by the free Q-vector space with canonical basis 
{cj 1 j G J} and scalar product {ej,€k) = Sjk, these can be realised in x Q as 

XP ■=Xj xZ for A G {A, B, C, D}, 
bP := {Bj X 2Z) U ({±e, ] j G J} x (2Z + 1)), 

CP := {Cj X 2Z) U {Dj x (2Z + 1)), 

BCP := (Bj X 2Z) U {{Bj U Cj) x (2Z + 1)), 

where Aj, Bj, Cj and Dj are as in >12.31 and where the scalar product on x Q is given by 
{{a,t), := {a, a'). 

If A = A(^, t) has type Xj for some X G {A, B, C, D} (see H2.3I1 . then the root system of type xP 
is obtained as the set of compact roots 

(Ag)c = AoxZ = AxZ 

of the untwisted doubly extended loop algebra g = £(1) (<p = id{). The root system of type xP for 
X G {B, C, BC} can similarly be obtained as the set of compact roots 

(Ag), = (Ao X 2Z) U (Ai X (1 + 2Z)) 

of a twisted doubly extended loop algebra g = /l<^(t), for some suitable choice of a simple Hilbert-Lie 
algebra i = ix and of an automorphism ip = px G Aut(€) of order 2. The three involutive auto¬ 
morphisms px, X G {B,C, BC}, are described in [Neel41 §2.2] and are called standard (see also 
Section ED. We will also call the 7 Lie algebras g described above standard affinisations of the corre¬ 
sponding Hilbert-Lie algebra 1. We will describe these 7 standard affinisations and the corresponding 
root data in more detail in Section El below. 


3.6. Weyl group. For each {a,n) G (Ag)c, the reflection r(^a,n) G GL(ig) is given by 
r{a,n) {z, h, t) = {z, h, t) - (a, n){z, h, t) ■ (a, nY 


(3.3) 


= {z,h,t) - {a{h)+it{^ 





In particular, 

r(a,0) (z, h, t) = {z, h, t) - {a{h) + itp{ap ■ ( - ip{a), a, O). 

Denote by 

:= W(g,t^) = (r(„.„) ] n G Z, a G A„) C GL(t^) 

the Weyl group of (g, tg), and by the subgroup of generated by the reflections r(^a,o) for a G Aq. 
Note that preserves the invariant bilinear form k: g x g —>■ R. 

For each x G define the automorphism = t{x) G GL(tg) by 


TYz,h,t) = {^~ + 


Then — Txi+x-i for all xi,X 2 G Moreover, defining for each a G A,^ and n G Z the reflection 

S GL(ig) by the formula (13.31) even if a ^ A„, one can check that r(^a,o)'i^{cx,n) = TinalN (cf- 
|HN121 §3.4]). 
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Assume now that for each a € there exists some j3 € Ag such that q) = ’'(/ 3 ,o)- This is for 
instance the case if (Ag)c is one of the 7 locally affine root systems from 113.51 Denoting by 7^ the 
abelian subgroup of generated by {ina/N j n € Z, a € A„}, we deduce the following semi-direct 
decomposition of inside GL(t 0 ): 

= r(r^) X 

We will describe in Section [7] an explicit isomorphism between and Wo- 
4. Isomorphisms of twisted loop algebras 

In this section, we fix some simple Hilbert-Lie algebra I = U 2 ( 77 k) for some infinite-dimensional 
Hilbert space Hk over K £ {R, C,]H1}, as well as some automorphism ip £ Aut(?) of finite order. 

Lemma 4.1. Let ip £ Aut(t) be of finite order, and assume that there exists a smooth one-parameter 
group (0t)tgR of automorphisms of t commuting with ip such that (piip = ip. Then the map 

$; £,^(1) —>■ ^ ■= </^t/27r(C(0) 

is an isomorphism of Lie algebras. 

Proof. Let ^ £ £99 (t). Then $(^) £ C'°“(R, t) and for all t £ R, 

$(C)(t + 2 tt ) = + 27r)) = = V”" Vi/27r(C(0) = 

Hence $(£,^(t)) C £^(I). Moreover, 

= [Tt/27v{^(t)),Tt/27.{v{t))] = Tt/2A[i{t),ri(t)]) = <^{[^,p])(t) 

for all £,, 1 ] G £(^(I) and t £ R, so that $ is indeed a Lie algebra morphism. Similarly, the map 
: £^(t) —?■ £,p(t) : £ >->■ ^~^{£){t) := (p-t/ 2 -K{£{i)) is a well-defined Lie algebra morphism. Since it 
is an inverse for 4), the lemma follows. □ 

Proposition 4.2. Let ip £ Aut(t) be of finite order, and let {Ut)teR be a smooth one-parameter group of 
unitary operators Ut £ C/(’Hk) such that the corresponding automorphisms (pt = irut oft commute with 
Ip and such that (piip = p. Let t be a maximal abelian subalgebra oft, and assume that =: to- 

Assume moreover that to is maximal abelian in both and and that to C t'^* for all t £ R. 

Let G Hq and assume that the skew symmetric operator A^ := ipP G u('Hk) satisfying (A^, h) = 
ip{h) for all h G ito is bounded. Assume moreover that 

~ ~ f^t/27rA^. 

Then the following holds: 

(i) The isomorphism 4>: £<^(1) —>■ £i/>(^) provided by Lemma ED extends to an isomorphism 

$: (R £,^(t)) XIR ^ (R £^{t)) R 

fixing tf, := R © to © R pointwise. 

(ii) 4> induces an isomorphism of locally affine root systems given by 

tt: A(£;(t),tg), ^ A(£f ^(t),tO)c : {a,n) ^ {a,N^ ■ - p{a^))), 

where N,p and are the respective orders of p and ip. 

(iii) The ITei/Z growps >V(£^(t), tg), >V(£^''’'^(t), tg) C GL(tg) coincide. 

Proof. Write for short := £J^(t) and := C^'^^{t), as well as Ag^ and Ag,^ for the corresponding 
root systems with respect to the Cartan subalgebra tg. Note that A,^ = A(£, to) = A^. For each n £ Z 
let Af^ and Af^ respectively denote the set of nonzero to-weights on 

t 5 t(V 2 ) := {x £ tc I and tl{iP) := {x £ tc I 
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as in Thus 

(A,J,= U A:?x(n + iV^Z) and (Ag= (J A^^ x (n + A^Z) 

0<n<A^i^ 0<n<A^^ 

(cf. N3.4I) . 

We extend the isomorphism C^{t) —j> Cjp{V) provided by Lemma H7T] to a bijective linear map 
0i/> by setting $(1, 0, 0) := (1,0, 0) and $(0,0,1) := (0, 0,1). 

We first claim that = ad(A^) G der(£, (•, •)). Indeed, let {Ej \j G J} be some orthonormal basis 

of the real Hilbert space Hq whose R-span contains all a**, a G A^ (cf. il2.3l and ^13.111 . Write 

HjEj where Hj := (A^, Ej) = ifj,{Ej) for all j G J. 

j&J 

Then for any x be in the to-weight space of Ic corresponding to a G A.^ U {0}, we have 

ad(A^)(x) = '^^l:i[Ej,x] = '^fija{Ej)x = '^fij{Ej,a*)x = {Afj„a*)x = i/i(a*)x = 
jeJ jsJ jeJ 

as desired. Note that the above sums are finite because a® is a (finite) linear combination of the Ej. 
We then obtain for all ^ G A,^(f) that 

imnt) = j^{Ut/2^mu-t/2.) = + m'm + - D^m)W)- 

On the other hand, since (j)t {t G K) fixes to pointwise, it preserves all to-weight spaces in 6c, and thus 
commutes with D^. Hence 

[8((o, 0,1)), mw) = [(0,0, i),mm = 

= m)yit) + D^m)m+D.m)m = + 

= d>(c')(i) + ct>t/2AD.m)) = 5 W = 5([(o, 0, 

so that <I> is indeed a Lie algebra isomorphism. Moreover, the restriction of <i> to tg is the identity 
because (pt fixes to pointwise. This proves (i). 

As fixes tg, it preserves the root space decompositions of and g^ with respect to tg and hence 
induces an isomorphism of locally affine root systems 


(\^)c (Ag^)o : (a,n) ^ (a,7rc(n)) 

such that 

(a,n)(z, h, t) = a{h) + + v{a^)) = a{h) + + (e + = («,^a(n-))(z, h,t) 

for all (z, h,t) G tg. This yields in particular 


7r„(n) = • (^ -M(a“)), 


so that (ii) holds. 
Since moreover 

(a,n)^ = 


-2^(^ + ^(atf)) 

(a, a) 


a,0 = 


-2.(%M + ,,, + „)(„<)) 


(a, a) 


,a,0 = (a,7ra(n))^ 


for all {a,n) G (Ag^)c by (13.21) . we deduce that 

r{a,n) = r(a,-Wc{n)) S GL(t§) for all (a,n) G (Ag^)^. 
Hence >V(gy,t(j) = >V(gv,,tS), proving (iii). 


□ 
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Remark 4.3. Recall from 93.21 that we defined the (^-twisted loop algebra C^pit) as a subspace of the 
27rA^^-periodic functions of £), where is the order of ip. Another convention which one finds 

in the literature is to consider 27r-periodic functions instead. We now explain how the characteristic 
data of these two definitions are related. 

For G N, we set 

:= {e e I + t) = 

For N = 1, this is the (/3-twisted loop algebra Cp,{t) that we consider in this paper; the other convention 
which we alluded to above is to take N = N^. 

Let to = be maximal abelian in and let i/ G Hq. Define the skew-symmetric derivation D^, of 
as in 93.31 Thus 

0 x) = 0 x) 

for all a G and x G Denote by 

£;;_„(«) := £^,iv(«)) R 

the double extension of £<^,Ar(4) corresponding to D^, as in 93.41 with Cartan subalgebra tg := R©to©R. 
Then 

(4.1) $: (1, 0,0) ^ (iV, 0,0), (0,0,1) ^ (0,0, i) 

is an isomorphism. Set 

c := (i, 0, 0) G itg and d := (0, 0, — i) G Rq- 
For a weight A = [Ac, A°, A^] G *(to)* with respect to tg C where 

A^ := A|(tp)j. G *tg, Ac := A(c) G R and A^ := A(d) G R, 
the corresponding weight with respect to tg C ^(t) is then given by 

(4.2) Ao$"i = [TAc,A°,iVAd]. 

Similarly, for x = [Xc,X°,Xd] ■= XcC + X° + Add G ztg C £(^_i(t), where x° £ ^tg and XcXd G R, we 
have 

(4-3) $(x) = [^Ac,A°, :^Ad]. 

Using the identities (I4.2|l and (14.31) . it is then easy to state the positive energy condition for highest 
weight representations of £^';(f(£) in terms of the corresponding condition for £|^ ^^(t) (see 97.2l for more 
detail about the positive energy condition). 

5. The structure of finite order antiunitary operators 

Given a complex Hilbert space H with orthonormal basis S = {cj | j G J}, we denote by ug the 
complex conjugation on H with respect to this basis. The following proposition describes the structure 
of finite order antiunitary operators on 'H. 

Proposition 5.1. Let % be a complex Hilbert space, and let A be an antiunitary operator on % of 
finite order. Let G N &e such that = id-^ and set f := e™!^ G C. Then the following holds: 

(i) G U(TL) and TL has a decomposition 

TL — TL\ © TL—i © 

Q<n<N/2 

into A^-eigenspaces, where TLx denotes the A^-eigenspace corresponding to the eigenvalue A. 

(ii) There is some A-stable subspace Hi of Hi with dim'Hi < 1 such that the following holds: 

• //dimHi = 1, there is some unit vector Cj^ G Hi such that Aej„ = ej„. 
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• For each n G Z with 0 < n < N/2, there exists an orthonormal basis {ej~,ej | j G J^2,i} 
ofnc 2n + 7^^-2n (for 71 > 0^ and of 1~L\ H (f^’^ tz = 0 ^ such that A. stabilises each plane 
Ce'j © Ce“, j G J^2n, and has the form 

0 

C"” 0 J 4 

in the basis {e^,e“}. 

Proof. The first statement of the proposition is clear. Since A is antilinear and commutes with 
we have for any eigenvalue A of and any v G Ha that 

A’^{Av) = Al^A^v) = A{\v) = \Av, 

and hence A.Ha = Hy. Thus A stabilises each of the subspaces Hi, H_i and H^2n © Hj-2n for n G Z 
with 0 < n < N/2. 

Since A acts as a conjugation on Hi, the fixed-point space Hj^ is a real form of Hi. Choose an 
orthornormal basis I j G Ji\ U Si of 'Hi that is contained in Hi, where Si = {cjg} is a 

singleton if dim Hi is finite and odd and Si = 0 otherwise. Let also Hi denote the sub-vector space 
of Hi with basis ^i. Thus Afp = /* for all j G Ji and Aejg = Cjg if dim Hi = 1. For all j G Ji, set 

Then {e^, e“ | j G Ji} is an orthonormal basis of Hi flHj*-, and A has the desired form in each of the 
bases {e+,e“}, j G Ji. 

Let now n G Z with 0 < tz < N/2, and choose some orthonormal basis (e^)jej^ 2 n of H^ 2 n. Set 
e~ := f^AeJ' G H^-2n for each j G J^ 2 n. Then {e^,e“ | j G J,^ 2 n} is an orthonormal basis of 
H(j 2 n © H^- 2 n, and A has the desired form in each of the bases {ej^, ej}, j G J^ 2 n. 

Finally, note that for any unit vector v G H_i, the subspace Cv © <CAv is two-dimensional and 
stabilised by A. Indeed, 

{v,Av) = {Av,A^v) = —{Av,v) = —{v,Av) 

and hence {v, Av) = 0, so that {w, Av} is an orthonormal basis of Cv © CAv. Using Zorn’s lemma, we 
may thus choose an orthonormal subset (e^)j^j_i in H_i such that {e^, eJ := I J ^ <^-i} is 

an orthonormal basis of H_i. Again, A has the desired form in each of the bases j G J_i. 

This concludes the proof of the proposition. □ 

6 . Root data for affinisations of Hilbert-Lie algebras 

Let t = U2 (Hk) for some infinite-dimensional Hilbert space Hk over K = R, C or H, and let 
ip G Aut(t) be of finite order. 

Lemma 6.1. There exists some unitary (ifK. = R., C,IHI^ or antiunitary (ifK. = C) operator A on Hk 
of finite order such that p = tt a- 

Proof. By 112.41 there exists some unitary (if K = R, C, H) or antiunitary (if K = C) operator B on 
Hk with p = ttb- Let N gN he the order of p. Then centralises 1, and hence B^ = Aq ■ id^^ for 
some Aq in the center of K with |Ao| = 1. 

If K = R or K = H, then Aq G {±1} and hence A := B satisfies = id. If K = C and B is 
unitary, we set A := nB for some H-th root zz G C of A(C^, so that A^ = id. Finally, assume that 
K = C and that B is antiunitary. Since for any nonzero v G He, 

Xo{Bv) = B^{Bv) = B{B^v) = B{Xov) = Xo{Bv), 
we get Aq = Ao G R and hence Aq G {±1}. We then set A := B, so that A"^^ = id. □ 

For each pair {i,p), we now describe data if, t a-nd p as in Proposition 14.21 thus yielding 

the desired isomorphisms from Theorem lAl 
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Example 6.2. Let i = U 2 {'H) for some infinite-dimensional complex Hilbert space TL and let (p G Aut({) 
be of finite order. Let A be some unitary operator on TL of finite order N G N such that (p = tta (see 
Lemma lOT) . Set ( := , 

As every unitary representation of the cyclic group of order on H is a direct sum of 1 -dimensional 
irreducible ones, we may choose some orthonormal basis {ej)j^j of TL consisting of A-eigenvectors. Let 
t C t be the subalgebra of all diagonal operators with respect to the Cj, j G J. Then i is elliptic and 
maximal abelian, and tc = £^(J, C) with respect to the orthonormal basis {Ej \ j G J} <G U given by 
EjCk ■= SjkCk- The set of roots of — Qh{TL) with respect to ic is given by the root system 

Aj = {ej -tkl j j, k G J}, 

where ej{Ek) := Sjk- The corresponding set of compact roots for £(t) is of type (see [Neel41 
Examples 1.10 and 2.4]). 

For each j G J, let rij G {0,1,..., A — 1} be such that Aej = For each t G M., let also 

Ut G U{TL) be the diagonal operator defined by UtCj = and set (/>t = G Aut(€). Let p G it* 

be defined by p{Ej) := pj := —nj/N. Setting A^ := ip^ = ipjEj G u(TL), we then have 

^f^t/27r ~ A^L(t/27r ~ f^t/27rA^. 

Finally, note that, for any t G K and a; G t, the operators Ut and x are both diagonal with respect to 
the ej, j G J, and hence commute. In particular ig := = t C for all t G K. 

We may thus apply Proposition 14.21 (with = id) and conclude that for any v G ii^, there is an 
isomorphism 

$: £;(t) ^ £^+^(t) : (zi,C(t),Z 2 ) ^ (^i, <^t/ 2 .(?(t)), ^ 2 ) 

fixing the Cartan subalgebra ig := ]R©ig 0 ]R pointwise. Moreover, 4) induces an isomorphism of locally 
affine root systems 

tt: A(£;(t),tg), ^ A« = A(£''+‘^(t),iO). : {a,n) ^ (o, ^ - p{a^)), 
where is the order of p. Finally, the Weyl groups yy(£(^(I), tg) and W(£^''‘'^(?), t§) coincide. 

Example 6.3. Let I = U 2 (’Hh) for some infinite-dimensional quaternionic Hilbert space TLm and let 
p G Aut({) be of finite order. Let A be some unitary operator on TLm of finite order A G N such that 
P = TiA (see Lemma 16.11) . Set C := . 

The quaternionic Hilbert space TLm can be constructed as TLm = TL^ for some complex Hilbert space 
TL with conjugation cr, where the quaternionic structure on 'H? is defined by the antilinear isometrjH 
a{v,w) := {—aw,av). With this identification, we then have 

I = U2('Hh) = {x G U2{TL^) I ax = xa} 

and 

UiUm) = {gG U{TL'^) I = 5 }. 

Let 

= {n^),(Bin^)-i(B 0 ((i«")c © (h2)c-) 

0<n<N/2 

be the decomposition of TL^ into A-eigenspaces, where {TL‘^)\ denotes the A-eigenspace corresponding 
to the eigenvalue A. Since A G U (TL^) commutes with ct, the antilinear isometry a maps {TL^)\ to {TL^)j 
for each A-eigenvalue A. In particular, each of the subspaces {TL^)i, {TL^)-i and {TL^)(^rx © {TL^)^-n 
with 0 < n < A /2 is a quaternionic Hilbert subspace of TLm- Let (ej)jgj^i be an orthonormal 
basis of (TL^)±i over H, and for each n with 0 < n < A/2, let (ej)jgj^„ be an orthonormal basis 
of {TL^)(^^ © {TL^)(;-n over H that is contained in Then the reunion of these bases yields an 

orthonormal basis {ej)j^j of TLm over H. 

^Writing C = K + KI and H = C -I- = R -I- RI -I- RJ7’ -I- RXjy, the isometry a corresponds to left multiplication 

by A. 
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Up to replacing % by the complex Hilbert space generated by we may then assume that 

'Hu is constructed as above as 'Hu = 'H^ for some complex Hilbert space 'H with orthonormal basis 
{ej)j^j (and complex conjugation a with respect to this basis) in such a way that for each j € J, the 
C-basis vectors (ej,0) and (0,6^) are H-eigenvectors of respective eigenvalues and for some 
natural number rij with 0 < < N/2. 

Let t C be the subalgebra of all diagonal operators with respect to the (e^, 0) and (0, Cj), j S J. 
Then t is elliptic and maximal abelian, and ic consists of diagonal operators in 

«C = U 2 (Hh)c = {(c Jr )e 52(1^2) \ = B, = C} 

of the form h = diag((ft.j), (—/ij)), where B^ := aB*a for all B G B{'H). Thus tc = C) 

with respect to the orthonormal basis {Ej | j G J} C H defined by Ej{ek,0) := Sjk{ek,0) and 

Ej{0, e/c) := —6jk{0, e^). The set of roots of tc with respect to tc is given by the root system 

Cj = {±2ej, ±(ej ± Ck) \ j ^ k, j, k G J}, 

where ej{Ek) '■= Sjk- The corresponding set of compact roots for £(t) is of type (see [Neel41 
Examples 1.12 and 2.4]). 

For each < G M, let Ut G U{Hu) be the diagonal operator defined by Ut{ej,0) = (e^, 0) (and hence 

Ut{0, Cj) = (0, Cj)) and set (j)t = irut G Aut( 6 ). Let /r G be defined by fi{Ej) := := —nj/N. 

Setting := ifijEj G u('Hh), we then have 

A^L(t/27r b(t/27rA^. 

Moreover, for any t G K and a; G i, the operators Ut and x are both diagonal with respect to the (e^ , 0) 
and (0, Cj), j G J, and hence commute. In particular to := U = t C for all t G K. 

We may thus apply Proposition 14.21 (with i/; = id) and conclude that for any v G Hq, there is an 

isomorphism 

fixing the Cartan subalgebra tg := K.©to©]R pointwise. Moreover, d* induces an isomorphism of locally 
affine root systems 

tt: = A(£'^+"(e),tg)e : (a,n) ^ (a, ^ - Ai(a»)), 

where is the order of (p. Finally, the Weyl groups >V(£^(t),tg) and >V(£^+‘^(t), tg) coincide. 

Example 6.4. Let t = U 2 ('Hr) for some infinite-dimensional real Hilbert space 'Hr and let p G Aut(£) 
be of finite order. Let A be some unitary operator on Hr of finite order N G N such that p = -ka (see 
Lemma EH). 

Note that A may be viewed as a unitary operator on the complexification H := (Hr)c of Hr that 
commutes with complex conjugation. Since moreover H decomposes as an orthogonal direct sum of 
one-dimensional A-eigenspaces, Hr decomposes as an orthogonal direct sum 


Hr = Hi © H-i © 'Hq, 


where H±i is the A-eigenspace for the eigenvalue ±1, and where 'Hq has an orthonormal basis 
{ej, e'j I J G J(} such that A stabilises each plane Mcj + Re' and is of the form 


, , / cos(27rnj /N) — sin(27rnj /N)\ 

^ ' ' ysm{2TTnj/N) cos{2TTnj/N) J 

in the basis {cj, e'}, for some nj G Z with 0 < nj < N/2. We let also {e^, e' | j G J±i} U S'ii denote 
an orthonormal basis of H±i, where S±i := {ejj_j} is a singleton if dimH±i is finite and odd and 
S±i := 0 otherwise. Up to replacing A by —A (this does not modify p), we may then assume that 
Si = {cj^} and S-i = 0 in case jS"! U S'-!] = 1. Note that N must be even if H_i ^ {0}. 
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Set Tij := 0 (resp. nj := N/2) for each j G Ji (resp. j G J-i). Writing J' := UJi U J_i, we thus 
get an orthonormal decomposition 


'Hr = Rcj-j 0 




such that A stabilises each plane Re^ + Re' (j G J') and is of the form (16.11) in the basis {ej, e'}, and 
with the convention that G ?{±i is omitted if S±i = 0 . If jS"! U S'-!] = 2, we set e'j_^ := ej_-^ and 
J := J' U {ji}. Otherwise, we set J := J'. 

We choose a maximal abelian subalgebra t C { such that kert := {x G 'Hr | h.x = 0 V/i G t} is the 
one-dimensional subspace Re^j if jS*! U S'-!] = 1 and kert = {0} otherwise, such that t commutes with 
the orthogonal complex structure X on (kert)-*- = 0jgj(Rej 0 Re') defined by Xej := e' for all j G J, 
and such that all planes Re^ 0 WLcj {j G J) are t-invariant (see |Neel41 Example 1.13]). For j G J, 
we define the elements 


fj ■— 


and 




ile. 


of H. If kert { 0 }, we also set fj^ := Then the fj form an orthonormal basis of H consisting of 
t-eigenvector. 

Note that for each j G J', the basis elements fj and f-j are also ^-eigenvectors, with respective 
eigenvalues and . For each t G R, we let Ut G C/(Hr) be defined by the matrix 


/ cos{2tTTnj/N) — sm{2tTTnj / N)\ 

\^sin(2t7r?T,j /N) cos(2t7rnj /N) J 

in the basis {ej, e'} for each j G J, where we have set rij^ := 0 in case |S'iU5'_i | = 2, and by Utej-^ = ej^ 
in case j^i U S'-!] = 1. We also set (j)t = ttu^ G Aut(t). Note then that = if, where ip G Aut(fi) is 
the order 1 or 2 automorphism ip = ttb of t corresponding to the matrix B G U{'Hs) whose restriction 
to 0^gj, (Rcj 0 Re' ) is the identity, and such that Bcj^^ = if 0 . Thus ip = id unless 

jS'i U S'-!] = 2. Note also that ip commutes with (pt for all t G R. 

The restriction of any cc G t to Rcj 0 Re', j G J, is of the form 

0 a 
—a 0 


in the basis {ej,e'}, for some a G R. In particular, x commutes with Ut for each t G R, so that 
1“^ C t = for all t G R. The same argument implies that t‘^ and both contain the subspace 


to := {x G t I xCj = xe'j = 0 Vj G J \ J'}. 

We now claim that U" and coincide with to and are maximal abelian in and , respectively. 
Indeed, if ^ = id, so that ip = (pi, we have t"^ = t = t'^ = to. Assume now that ip = ttb has order 2, 
so that |5'i U ^-ij = 2. Then kert = {0} and t"^ = to = t^ because the restriction of ip (resp. ip) to 
Rcji 0 Rej_ J is of the form ((j _?i) in the basis {cj^ , ej_^} and 


fl 0 W 0 \ _ /O -a\ 

1^0 -ly 0/w “V ~ w 


Let X £ (resp. l'^) be such that to 0 Rx is abelian. Then x stabilises each plane Re^ 0 Re' {j G J') 
and hence decomposes ds x = xq + xi for some xq G to and some xi G t with xiCj = xe'j = 0 for all 
j G J'. Since xi = a: — xo is skew-symmetric, it stabilises Re^j 0 Rej_j. Moreover, xi is fixed by p 
(resp. Ip), and hence we conclude as above that xi = 0. Thus x G to, and hence to is maximal abelian 
in (resp. t'^), as desired. 

The complexification (to)c of to is precisely the set of all those elements in which are diagonal 
with respect to the orthonormal basis of H consisting of the fj. Thus (to)c — C) with respect to 
the orthonormal basis {Ej \ j G J'} C Hq defined by Ejf^, := Sj^fj^ for all k G J'. Define also ej G Hq 
by ej{Ek) = Sjk, k G J'. 
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If i/; = id, the set of roots of = 6 c with respect to = tc is given by 
Dj = {±(ej ± f-k) \ j j, k€ J} if kert = {0} 

and 

Bj = {±(ej ± Ek) \ j ^ k, j, k G J}U {±ej \ j G J} otherwise. 

The set of compact roots for £^( 6 ) = £( 6 ) is then respectively of type and (see [Neel4[ 
Examples 1.13 and 2.4]). 

If i/; = ttb has order 2 (so that jS*! U S'-!] = 2) then, up to replacing B by —B (which does not 
modify ^), the operator B is the orthogonal reflection in the hyperplane Thus i/j is the standard 
automorphism from [Neel41 Example 2.8]. As observed above, = to is maximal abelian in 

6’^ = {a; G 6 1 xej_-^ = 0} 

and ker(t’^) fl = Me is one-dimensional. The set of roots of 6 ^ with respect to is then of type 

Bj', while the set of compact roots for £^( 6 ) is of type B^p (see [Neel4[ Example 2.8]). 

Back to the general case {ip of order 1 or 2), let /r G Hq be defined by fi{Ej) := fij := —nj/N for all 
j G J'. Setting := = J2jej' ifijEj G u('Hr), we then have 

~ ^[J.Utf2-K ~ h^£/27rA^. 

We may thus apply Proposition [5^ and conclude that for any v G Hq, there is an isomorphism 

: {zi,^{t),Z2) l-t (^ 1 , (/'t/27r(?(i))) ^ 2 ) 

fixing the Cartan subalgebra i(j := M©io 0 R pointwise. Moreover, d* induces an isomorphism of locally 
affine root systems 

tt: A(£|;(6 ),tC)e ^ A(£f‘^(6),i^), G B^j\ Bf'>} : (a,n) ^ {a,N^ ■ (^ -^(o#))), 

where is the order of (p and G {1,2} is the order of ip. Finally, the Weyl groups >V(£J^( 6 ), ig) 
and >V(£(^^‘"( 6 ), tg) coincide. 

Example 6.5. Let 6 = U 2 (’H) for some infinite-dimensional complex Hilbert space H and let (p G Aut( 6 ) 
be of finite order. Let A be some antiunitary operator on H of finite order 2N for some A^ G N and 
such that p = TT A (see Lemma 16.11) . 

We set (p := and we apply Proposition [5T] to A. Let Bi and {e^, e“ ] j G JjS"}, 0 < n < A/2, 
be as in Proposition 15.ll iil. Thus A stabilises each plane CeJ~ © Ce“, j G J^ 2 n, and has the form 

0 

C“” 0 J 4 

in the basis {ej~, e~}. If dim'Hi = 1, we also choose some basis Si := {cj^} of Hi such that Aejg = ejp, 
if dim Hi = 0, we set Si := 0 . Set 

J ;= (J and B± ■- {ef \ j G J}. 

0<n<N/2 

Then B := U B- U ^i is an orthonormal basis of H. For each j G J and n G Z with 0 < n < N/2, 
we set rij := n if j G J^ 2 n. 

To treat both cases ^i = 0 and Si ^ 0 at once, we adopt the convention that whenever ej„ appears 
in what follows, it should be omitted if S*! = 0. We also set e := i G C if S'! = 0 and e := 1 G C 
otherwise. 

Let Bq be the closed subspace of H spanned by B^. We define on Bq the complex conjugation 
= a'eB+ with respect to eB+ = (ee^ ] j G J} and on Bq the complex conjugation a^p = as_ with 
respect to B-. Write H as 


H =H(}©Cejo ©Hq , 
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which we endow with the conjugation a extending cjq and cTq , and such that = ejg. Consider the 
automorphism tp G Aut(£) defined by 

ip{x) = Scrx{Sa)~^ for a; G 

where 

^ / 0 l\ 

S' = I 0 1 0 1 if Si yf 0 and S = J j if Si = 0. 

Setting a := Sa, we thus have 

ae^ = ej for all j € J and crcj-p = ej„. 

Note that ip is the standard automorphism of [Neel4l Example 2.9] if Si =0 and of |Neel4[ Exam¬ 
ple 2.10] if Si ^ 0. 

Let {Ut)teB. be the one-parameter group of unitary operators on H defined by 
Utef = for all j G J and UtBjg = Cjg. 

Then A = Uia and Ut commutes with a for each t G K. Set (pt ■= 'XUt ^ Aut({) for all t G K.. Thus (pt 
commutes with ip and ipiip = ip. 

Let t be the set of elements in J which are diagonal with respect to the orthonormal basis B. Hence 
t is maximal abelian in t (see Example 16.21) and t = for each t G K. For each j G J, define the 
operator Ej G il by 

all fc G J and EjCjg := 0. 

Let 

to := spanR{i£'j ] j G J} C t. 

Since for each j € J and t G K, the operator iEj commutes with Ut and a, the subalgebras C U’ 
and C both contain to and are contained in U*. On the other hand, if x G t centralises to, then 
X is diagonal with respect to B, that is, x G t. In particular, x commutes with A'a~^ = Ui, so that 
X G 1“^ if and only if x G If moreover x G 6 '^’ (or equivalently, x G then for any j € J and 

A G iM such that xe^ = Ae^, we have 

xej = xae^ = dxe^ = — Ade^ = — Ae“. 

Since in addition 

XGJq — X0'GjQ — O'XGjq — XGjq^ 

so that xcjg = 0, we deduce that x G to. This shows that U = = to and that to is maximal abelian 
in both and ff. The set of roots of with respect to t^ is then of type Bj if Si 0 and of type 
Cj if S'! = 0. Accordingly, the set of compact roots for £^(t) is of type BC^p or cP (see [NeeI4[ 
Examples 2.9 and 2.10]). 

Let now /x G Hq be defined by p{Ej) := pLj := for all j G J. Setting A^ := ipP = G 

u('H), we then have 

-JpEt/2TT = ~^AiU/2'ir = ~Ut/2'7rEij.. 

We may thus apply Proposition 021 and conclude that for any v G Hq, there is an isomorphism 

$: £;(t) ^ : {zi,mU2) ^ (^i, <At/2.(^(i)), ^ 2 ) 

fixing the Cartan subalgebra t(j := ]R©to©K pointwise. Moreover, 4) induces an isomorphism of locally 
affine root systems 

A(£:;(I),tO)c A(£f'^(I),tg), G {BCPXP} : {a,n) ^ (a, ^ - 2/x(a«)), 
where is the order of ip. Finally, the Weyl groups yy(£(^(f), tg) and (i),to) coincide. 

Proof of Theorem O This sums up the results of Examples 16.2116.3116.41 and 16.51 □ 
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7. Isomorphisms of Weyl groups 

By Theorem every affinisation of a simple Hilbert-Lie algebra t is isomorphic to some slanted 
standard affinisation of £, with the same Weyl groups. In turn, and have the same 

root system with respect to some common Cartan subalgebra, and hence isomorphic Weyl groups. 
In this section, we give an explicit isomorphism between these Weyl groups. We then present an 
application of our results to the study of positive energy highest weight representations of (t). 

7.1. Unslanting Weyl groups. Let I be a simple Hilbert-Lie algebra, and let ip G Aut(t) be of hnite 
order N gN. Let to be a maximal abelian subalgebra of and let = A(t, to) be the corresponding 
root system. Let also tg := M© to 0 K be the corresponding Cartan subalgebra of Qi, := £^(t), for any 

We assume that ip is either the identity or one of the three standard automorphisms (cf. 93.5p . so 
that := A{q^, tg) C A^ x Z is one of the 7 locally affine root systems A^j\ ^ ^ ^P^ 

CP and BCP. For each u G itg, let '■= W(gj/,tg) C GL(to) be the Weyl group of with respect 
to tg. 

We fix some v G Hq. In the notation of 93.61 we then have a semi-direct decomposition 

w, = T{r^) X w., 

where 7^ is the abelian subgroup of tg generated by {ina/N \ {a,n) G A^} and Wv is the subgroup 
of Wu generated by the reflection T(c_o), a G A^, defined by 

(7.1) h, t) = (z, h, t) — {a{h) + itiy{a^)) ■ ( — iv(a), a, O) for all (z, h, t) G tg. 

We also denote by Tq,, a G A^, the reflections 

ra{z, h, t) = [z,h — a{h)a, t) 

in GL(tg) generating Wg, so that Wg = t(7)/,) x Wg. 

Finally, we recall from 93.11 that for any u G itg, there is a unique element G iio such that 
(z/#, h) = v(h) for all h S iig. We set 

tg 

and we extend each root a G A^ C itg to a linear functional 

a: tg —>■ : h I—>■ a{h) := {h, a^), 

so that Wg and may be viewed as subgroups of GL(tg). 

Lemma 7.1. Let ai,... ,an G A^ for some n G N. Then for all {z,h,t) G Iq, 

r{a„,0) ■ ■ ■?'(a2.0)Uai.0)-(^, ^,i) “ {z,h,t) = (z, h, t)) ,(z,/l, t), o) , 

where 

n 

y«i.....a„ : tg tg : (z, /i, t) 1-4 ^ {as{h) + itiy{al)) ■ r^^ ... r^.+i (ds). 

Proof. This easily follows by induction on n using (j7.1p and the decomposition 

• ■ ■r(ai, 0 )-iz,h,t) - {z,h,t) = T(a„,g).(r(„„_^_g) . . .r(„^^g).(z,/i,t) - {z,h,t)) 

+ (^(a„. 0 )-( 21 ,h,t) - (z,h,t)). 

□ 

Since, in the notation of Lemma rm 

as{h) + iti'{al) = as{h) + = as(h) + as(itu^) = as{h + 

so that 

(7.2) ^ ^ g 
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we deduce from Lemma o that for all Oi,..., On G and all (z, ft,, t) G tg, 

r(a„,o) ■ ■ - {z,h,t) = 0 <;=^ f«„ .. .ra^.{z,h + itJ,t) - {z,h + itJ,t) = 0. 

This implies in particular that the assignment r(Q,_o) >—t Uq, for each a G defines a group isomorphism 

Ju- ->-Wo ■■ r(a„,0) ■ • ■'^(ai.O) '“t 

Proposition 7.2. The map —>■ Wq extends to a group isomorphism 

7 i/: W,. -t Wo : t^w H> Tx"iv{w) {x gT^, w G Wj,). 

Proof. This follows from the observation that for each a G A^ and x G %ij we have 

'^(a,o)Txr'^a,o) = '^rc(x) = where r„ : to -)■ to : ft H> ft - a(ft)Q;. □ 

Remark 7.3. If G ito, then % is just the conjugation by 


7.2. Application to positive energy representations. We place ourselves in the context of am 
(although we will only need to assume that '0 is the identity or standard in Proposition 17.41 and 
Theorem 17.51 below! and keep the same notation. Set 


c := (i, 0, 0) G Hq and d := (0, 0, —i) G ttj 


o> 


so that c is central in ( 0 i/)c and ad(d) has eigenvalue ;^ + u 
For a weight 

A e i(t(i)* = iR© Aq © 


(a*) 


on e„ 


b(a,n) 


a G A^ (cf. (Id.!!) !. 


we set 

A° := A|(tg)j, G Aq, Ac := A(c) G M and \d := A(d) G M. 

Note that we may extend the map [I: —>■ ito to a map 

S: iii^o)* ^ : A ^ A« := -A^c + (A°)# - Acd 

satisfying k((z, ft, t), A**) = X{{z,h,t)) for all {z,h,t) G Hq, where we have again denoted by k the 
hermitian extension of R|tgxtg (cf- ^3.41) to (t(i)c x (fo)c- Since (1 is bijective, this allows in particular 
to view the Weyl group W^ not only as a subgroup of GL(Aq) as in 1 17.11 but also as a subgroup of 
GL(i(tg)*), where the action is characterised by (ui.A)^ = w.X^ for all w G Wj/. 

Fix some A G *(t§)*, and assume that Ac 7 ^ 0 and that A is integral for g^, in the sense that 
X{{a,nY) G Z for all compact roots {a,n) G A,/,. It then follows from [Nee 101 Theorem 4.10] that 
01 , admits an (irreducible) integrable highest-weight module L^{X) of highest weight A, whose corre¬ 
sponding set of weights is given by 

(7.3) Vx = Vl = conv(Wi,.A) n (A + Z[A,^]). 


Let 

Px= P\- End(L„(A)) 

denote the corresponding representation. Note that px is unitary with respect to some inner product 
on L^{X) which is uniquely determined up to a positive factor (see [NeelOl Theorem 4.11]). 

Let u' G itg, and extend the derivation 11 j,/ = Dq+Di,i of C 01 , to a skew-symmetric derivation 

of 01 , by requiring that = {0} (cf. H3.311 . Since the derivation preserves the root space 

decomposition of (gi,)c, it follows from (|3.1|1 that px can be extended to a representation 


Px = Px"' ■ Si' XI RHi,' End(Li,(A)) 


of the semi-direct product g,, xi IR.ili,^ by setting 

Px{Du')v^ := ix{l- >^)v^ 

for all 7 G Pa and all v.y G L^{X) of weight 7 , where y: Z[A,/,] —>• K is the character defined by 
(7.4) x{{ct, n)) = ^ + for all (a, n) G A^. 
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The representation p\ is said to be of positive energy if the spectrum of := —ip\{D^i) is bounded 
from below. If this is the case, the infimum of the spectrum of Hi,/ is called the minimal energy level 
of 'p\. In view of (17.31) . the representation 'px is of positive energy if and only if 

inf x(Wi,.A — A) > —oo. 

To match the context of 97.11 (namely, Wv C GL(itg) instead of C GL(i(tQ)*)), we identify y 
with an element of Hq by setting 

x(/r) = k{pKx) = Kx) for all p. G Z[A^], 

so that 

x(u?.A — A) = k{w.X^ — A**, x) = k{w~^.x — Xi = H'^~^-X ~ x) for all w G W,y. 

With this identification, p\ is thus a positive energy representation if and only if 
(7.5) inf A(>V,y.X — x) > ~oo. 

Write X = XcC + X° + Xdd G itg for some Xc Xd G K and some x° G do. Since for all (a, n) G A^, 
g x{{o:,n)) = K{{a,n)^,x) = k(( - i{§ + 1 ^( 0 ;“)), a**, O), {iXc X°,-^Xd)) 

= (o“, X°) + Xd(f + v{J)) = a(x° + XdV^) + Xdf, 
we then deduce from (j7.4p that 

(7.7) X° = and Xd = 1- 

Define 

:= X - XcV € iita)* and X<^ ■= X + Xdi^'^ & Hq, 
where we view 1 / G dg as a weight in i(t(i)* by setting i/(c) = i/(d) := 0. 

Proposition 7.4. Let X G i(ig)* and x = XcC + X° + Xdd G dg. Then 

XiyV„.X - x) = KiyVo-X:^ - Xv)- 

Proof. Let 7 ^ : Wj/ —>■ Wo be the group isomorphism provided by Proposition 17.21 We claim that 

Kw-x - x) = X„(%(w).Xi. - Xiy) for all w G 
Given a tuple of roots a = (oi,..., an) G A^, we use the notation 

r(a,o) = r(a„,Q) ■ ■ ■r(a,,o) and = ra„ ...fai■ 

It then follows from Lemma O and that for all (z, h, t) G fig, 

j r(o,,o)-(z,h,t) - (z,h,t) = (^iiy(f^(z,h,t)),-f^(z,h,t),0^, 

I ra.{z,h,t) - {z,h,t) = -(0,f^{z,h-itJ,t),0y 

Let now w G which we write as id = T^r^ap) for some x € Tp and some tuple of roots a. Then 
Xy{^n{w)-Xv - Xu) = K{T^fof{iXc,X° +Xdl'^,-iXd) “ (Wc X° + Xd^^^ “Wd)) 

= X^{T^.{iXc,X° + Xdv'^ - /“(x),-Wd) - (*Xc,X° + XdvK-iXd)) 

= ^u{{- Xd{v^,x) - (x° - /“(x),a;) + -/“(x) - *Xda;, 0 )) 

= *Ae((x° - /“(x), a:) - _ A°(/“(x) + *XdT) + A,i.(/“(x)) 

= HMfuix)) - (X° - /“(X),a:) + A^,-f^{x) - ^XdX,0)) 

= A(Ta,.(iXc + w(/“(x)),X° - /“(x),-Wd) - (iXc,X°,-Wd)) 

= A(ra,r(a,o)-(Wc,X°,-*Xd) - (Wc,X°,-Wd)) 

= Hw-x-x)- 
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This concludes the proof of the proposition. □ 

Theorem 7.5. Let A G i(io)* integral weight for with Ac = A(c) ^ 0. Then for any v, v' G ii^, 
the following assertions are equivalent: 

(i) The highest weight representation x RZ?i,/ —>■ End(Li/(A)) is of positive energy. 

(ii) M^y := inf X^iWo-Xi' - Xi^) > “OO; where A^ := A - AcU G and Xv '■= (^0** + d G itg. 

Moreover, if Mi,y > —oo, then Mi,y is the minimal energy level of'pff'^ . 

Proof. This readily follows from (17.51) and Proposition 17.41 where the above description of Xu follows 
from (I7.7|l . □ 

Proof of Theorem [El By Theorem ETihl. the Weyl groups of and with respect to tg 

coincide. By (17.51) . the representation p\-. £^(£) x RDi./ —)■ End(Li,(A)) is thus of positive energy if 
and only if 

inf A(W^+i,.x - x) > -oo, 

where is the Weyl group of the slanted standard affinisation {1) of £ and x = 

(u')** — u** + d (see (17.71) '). Thus Theorem IbI follows from Proposition [TUI where the character x in the 
statement of Theorem I bI corresponds to X/i+i' = i^')^ + ^** + d in the above notation. □ 
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